
Exercise 1. Let A be a set. Show that A ∪A = A.

Solution.

A ∪A = {x : x ∈ A ∨ x ∈ A} = {x ∈ A} = A .

Exercise 2. Let A be a set. Show that A \A = ∅.

Solution.

A \A = A ∩A′ = {x : x ∈ A ∧ x /∈ A} = ∅ .

Exercise 3. Let A be a set. Show that A ∩ ∅ = ∅.

Solution.

A ∩ ∅ = {x : x ∈ A ∧ x ∈ ∅} = ∅ .

Exercise 4. Let A,B,C be sets. Show that A ∩ (B ∩ C) = (A ∩B) ∩ C.

Solution.

A ∩ (B ∩ C) = A ∩ {x : x ∈ B ∧ x ∈ C}
= {x : x ∈ A ∧ x ∈ B ∧ x ∈ C}
= {x : x ∈ A ∧ x ∈ B} ∩ C

= (A ∩B) ∩ C .

Exercise 5. Let A,B be sets. Show that A ∩B = B ∩A.

Solution.

A ∩B = {x : x ∈ A ∧ x ∈ B} = B ∩A .

Exercise 6. Let A,B,C be sets. Show that A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C).

Solution.

A ∩ (B ∪ C) = A ∩ {x : x ∈ B ∨ x ∈ C}
= {x ∈ A ∧ (x ∈ B ∨ x ∈ C)}
= {(x ∈ A ∧ x ∈ B) ∨ (x ∈ A ∧ x ∈ C)}
= (A ∩B) ∪ (A ∩ C) .

Exercise 7. Let A,B be sets. Show that (A ∩B)′ = A′ ∪B′.

Solution. We must show that (A ∩B)′ ⊆ A′ ∪B′ and (A ∩B)′ ⊇ A′ ∪B′.

x ∈ (A ∩B)′ =⇒ x /∈ (A ∩B) =⇒ x /∈ A ∨ x /∈ B =⇒ x ∈ A′ ∨ x ∈ B′ =⇒ x ∈ A′ ∪B′ .

x ∈ A′ ∪B′ =⇒ x ∈ A′ ∨ x ∈ B′ =⇒ x /∈ A ∨ x /∈ B =⇒ x /∈ A ∩B =⇒ x ∈ (A ∩B)′ .

Therefore, (A ∩B)′ ⊆ A′ ∪B′ and (A ∩B)′ ⊇ A′ ∪B′. Hence, (A ∩B)′ = A′ ∪B′.
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Exercise 8. Let A,B be sets. Show that A ⊆ B iff A ∩B = A.

Solution. First, we show that A = A ∩B =⇒ A ⊆ B.

x ∈ A ∩B =⇒ x ∈ A ∧ x ∈ B =⇒ (x ∈ A =⇒ x ∈ B) =⇒ A ⊆ B .

Next, we show that A ⊆ B =⇒ A = A ∩B. For this, we first show that A ⊆ B =⇒ A ⊆ A ∩B.

A ⊆ B =⇒ (x ∈ A =⇒ x ∈ B) =⇒ (x ∈ A =⇒ x ∈ A ∧ x ∈ B)

=⇒ (x ∈ A =⇒ x ∈ A ∩B) =⇒ A ⊆ A ∩B .

Finally, it is easy to see that A ∩B ⊆ A.

x ∈ A ∩B =⇒ x ∈ A ∧ x ∈ B =⇒ x ∈ A =⇒ A ∩B ⊆ A .

Exercise 9. Let A,B be sets. Show that (A \B) ∩ (B \A) = ∅.

Solution.

(A \B) ∩ (B \A) = (A ∩B′) ∩ (B ∩A′) = (A ∩A′ ∩B ∩B′) = ∅ .

Exercise 10. Let A,B,C be sets. Show that (A ∪B)× C = (A× C) ∪ (B × C).

Solution.

(A ∪B)× C = {(a, b) : (a ∈ A ∨ a ∈ B) ∧ b ∈ C}
= {(a, b) : (a ∈ A ∧ b ∈ C) ∨ (a ∈ B ∧ b ∈ C)}
= (A× C) ∪ (B × C) .

Exercise 11. Let A,B be sets. Show that (A ∩B) \B = ∅.

Solution.

(A ∩B) \B = A ∩B ∩B′ = ∅ .

Exercise 12. Let A,B be sets. Show that (A ∪B) \B = A \B.

Solution.

(A ∪B) \B = (A ∪B) ∩B′ = (A ∩B′) ∪ (B ∩B′)

= (A ∩B′) ∪ ∅ = (A ∩B′) = A \B .

Exercise 13. Let A,B be sets. Show that A \ (B ∪ C) = (A \B) ∩ (A \ C).

Solution.

A \ (B ∪ C) = A ∩ (B ∪ C)′ = A ∩ (B′ ∩ C ′)

= (A ∩B′) ∩ (A ∩ C ′) = (A \B) ∩ (A \ C) .

Exercise 14. Let A,B be sets. Show that A ∩ (B \ C) = (A ∩B) \ (A ∩ C).
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Solution.

(A ∩B) \ (A ∩ C) = (A ∩B) ∩ (A ∩ C)′ = (A ∩B) ∩ (A′ ∪ C ′)

= (A ∩B ∩A′) ∪ (A ∩B ∩ C ′) = A ∩B ∩ C ′ = A ∩ (B \ C) .

Exercise 15. Let A,B be sets. Show that (A \B) ∪ (B \A) = (A ∪B) \ (A ∩B).

Solution.

(A \B) ∪ (B \A) = (A ∩B′) ∪ (B ∩A′) = (A ∪B) ∩ (A ∪A′) ∩ (B′ ∪B) ∩ (B′ ∪A′)

= (A ∪B) ∩ (A′ ∪B′) = (A ∪B) ∩ (A ∩B)′ = (A ∪B) \ (A ∩B) .
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